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We address the coherence of the dynamics of spin-currents with components transverse to an external
magnetic field for the spin-1=2 Heisenberg chain. We study current autocorrelations at finite temperatures
and the real-time dynamics of currents at zero temperature. Besides a coherent Larmor oscillation, we find
an additional collective oscillation at higher frequencies, emerging as a coherent many-magnon effect at
low temperatures. Using numerical and analytical methods, we analyze the oscillation frequency and
decay time of this coherent current-mode versus temperature and magnetic field.
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Controlling quantum coherence is paramount for future
information processing [1]. The coherence of localized
quantum spin degrees of freedom has been studied in a
wide variety of systems, including semiconductor quantum
dots [2,3], molecular magnets [4], nitrogen vacancies in
diamond [5], carbon nanotubes [6], and ultracold atoms
[7]. Coherence in spin transport has been addressed pri-
marily in semiconductors [8]. A new route into coherent
spin transport may arise from quantum magnets. Here,
magnetization is transported solely by virtue of exchange
interactions and (de)coherence of spins will emerge as a
purely intrinsic many-body phenomenon. In one-
dimensional (1D) spin systems, magnetic transport has
experienced an upsurge of interest in the last decade due
to the discovery of very large magnetic heat conduction [9]
and long nuclear magnetic relaxation times [10]. Genuine
spin transport in such materials remains yet to be observed
experimentally and if combined with materials with small
exchange couplings [11,12], the coherent manipulation of
spin transport using laboratory magnetic fields may be-
come feasible. Theoretically, spin transport has already
been given significant attention (see Refs. [13,14] for a
review); previous studies, however, have focused on the
longitudinal spin conductivities only, excluding the phys-
ics of coherence. Therefore, in this Letter we investigate
the dynamics of spin-currents with components transverse
to an externally applied magnetic field, as sketched in
Fig. 1. This setup allows us to study the collective preces-
sion frequency of the transverse spin-current and its decay
time, which will be at the prime focus of this Letter. We
will show that, besides a coherent oscillation at the Larmor
frequency, a second nontrivial collective oscillation at
higher frequencies emerges at low temperatures. This os-
cillation is identified as a pure many-magnon effect and
also becomes coherent in the low-temperature limit.
In this Letter, we study the antiferromagnetic
Heisenberg spin chain, one of the fundamental models to
describe magnetic properties of interacting electrons. It is
relevant to the physics of low-dimensional quantum mag-
nets [15], ultracold atoms [16], nanostructures [17], and—
seemingly unrelated—fields such as string theory [18] and
quantum Hall systems [19]. The Hamiltonian reads
H ¼ JXN
r;
Sr S

rþ1  Bz
XN
r
Szr: (1)
Sr ( ¼ x, y, z) are the components of spin-1=2 operators
at site r, N is the number of sites, J > 0 is the exchange
coupling constant, Bz is a longitudinal magnetic field, and
@  1 [20]. For Bz < Bzc ¼ 2J, Eq. (1) implies a gapless
Luttinger liquid [21,22] and, for Bz > Bzc, a gapped ferro-
magnetic ground state.
We investigate the transverse spin-current dynamics for
two complementary scenarios and use methods appropriate
for each situation. First, we study current autocorrelations
FIG. 1. Quasiclassical sketch of transverse spin transport in a
spin chain directed along the y-direction: (a) External magnetic
field with a static ‘‘bias’’ component Bz and a perturbing, space-
and time-dependent component Bxðy; tÞ; (b) Bz produces a
magnetization ~M with a homogeneous transverse component
and a Larmor precession, Bxðy; tÞ produces an inhomogeneous
transverse component driving (c) a transverse spin-current
jxðy; tÞ in y direction. The dynamics of jxðy; tÞ is controlled by
the intrinsic exchange coupling J. (d) As a function of time, the
magnetization relaxes and the transverse component dephases.
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at finite temperature, using numerically exact diagonaliza-
tion (ED) and an asymptotic analytic analysis (AAA).
Second, applying the adaptive time-dependent density ma-
trix renormalization group (tDMRG) [23], we analyze the
real-time dynamics of currents at zero temperature during
the evolution from initial states with an inhomogeneous
magnetization. Qualitatively, the same physics explains
our observations in both scenarios, and even a quantitative
agreement can be obtained.
We begin by discussing the current autocorrelations
~Cð!Þ¼PlmeEmhljjjmihmjjjlið!EmþElÞ=ZN
[24], where jli, jmi and El;m are eigenstates and -energies
of Eq. (1),  ¼ 1=T is the inverse temperature, j is the
zero-momentum spin-current, ,  ¼ x, y, z, Z is the
partition function, and ! is the frequency. More precisely,
we consider a symmetrized version Cð!Þ ¼ ½ ~Cð!Þ þ
~Cð!Þ=2; i.e., in the time domain, we focus on the real
part CðtÞ ¼ Re½ ~CðtÞ. While Bz breaks total spin
conservation, a spin-current can still be defined by decom-
posing the time derivative of the spin-density at momen-
tum q as @tS

q ¼ @tSq jJ¼0  {qjq into a local source
(sink) term due to Bz (present without any exchange inter-
actions) and the actual exchange mediated spin-current j

q .
The latter then derives from the continuity equation for Sq
at Bz ¼ 0. In turn ~j ¼ {Pr ~Sr  ~Srþ1, where ~j ¼ ~jq¼0. The
eigenstates (energies) are classified according to the total
spin z component
P
rS
z
rjli ¼ Mjli. Since jli is independent
of Bz and C is diagonal at Bz ¼ 0, it will remain diago-
nal at any Bz. Moreover, by symmetry Cxx ¼ Cyy.
However, since jx mediates transitions between sectors
withM ¼ 1while jz conservesM, the autocorrelations
Cxx (transverse) and Czz (longitudinal) differ at Bz  0.
This difference is solely due to the field dependence of
the eigenenergies. Formally speaking, this aspect is at the
center of this Letter. For the remainder we abbreviate
CxxðzzÞ by CxðzÞ. Note that by the continuity equation the
current autocorrelations at small q are related to the dy-
namic spin structure factor Sðq;!Þ, exhibiting a matrix
symmetry identical to Cð!Þ at Bz  0 [25].
Generically, the longitudinal autocorrelation decom-
poses into a Drude weight Dz and a regular part,
i.e., Czð!Þ ¼ Dzð!Þ þ Czregð!Þ. A significant body of
evidence in favor of DzðT  0Þ  0 for Bz < Bzc
has been gathered [13,14,26], with thermally activated
behavior of DzðTÞ for Bz > Bzc [14]. Less is known on
the specific shape of the regular part [26]. The previous
discussion of symmetries of C implies that Cxð!Þ ¼P
½Dxð! BzÞ þ Cxregð! BzÞ. In general, Dx and
Cxreg will not be identical to D
z=2 and Czreg=2, respectively,
due to the different Bz-dependence of Boltzmann weights
in Cz and Cx. In the time domain, Dx implies a coherent,
nondecaying oscillation of the transverse current at the
Larmor frequency !L ¼ Bz, permitted by the integrability
of Eq. (1) [13]. On the other hand, Cxreg a priory implies
only decoherence and damping. In the following, however,
we demonstrate that at sufficiently low T and finite Bz, out
of Cx, a new collective quasicoherent oscillation of the
current emerges. The oscillation frequency differs from the
‘‘simple’’ Larmor frequency and cannot be understood
within a one-magnon picture.
First, we discuss high temperatures, i.e.,  ¼ 0.
A straightforward analysis yields
Cxð!Þ ¼ ½Czð! BzÞ þ Czð!þ BzÞ=2: (2)
Figure 2(a) displays Cxð!Þ for Bz=J ¼ 2. As can be seen
from Fig. 2(b), this approximately transforms into CxðtÞ 
½RðtÞ þDx cosð!LtÞ in the time domain, with RðtÞ rapidly
decaying within 1=!L and a ‘‘trivial’’ coherent oscilla-
tion due to the Drude weight.
Next we reduce the temperature to J ¼ 2 at Bz=J ¼ 2.
Figure 2(c) clearly shows two effects. First, the Drude
weight Dx is strongly reduced. This reduction continues
monotonically with increasing Bz (as discussed within the
AAA below). Second, the regular part Cxreg is strongly
enhanced and undergoes an asymmetric weight redistrib-
ution with a major peak developing at a frequency! larger
than !L (and a minor peak at !<!L). This is consistent
with Bz breaking particle-hole symmetry. In the time do-
main, see Fig. 2(d), we find that
CxðtÞ  RðtÞ cos½ð!L þ !Þt þDx cosð!LtÞ (3)
allows for a reasonable leading-order fit of CxðtÞ over
several oscillation periods by assuming an exponential
behavior RðtÞ ¼ R0 expðt=Þ, i.e., a single decay time
. In fact, Cxð!Þ is rather close to a Lorentzian in
Fig. 2(c). We find this approach to apply at least to
Bz=J 	 3 and J 	 3 and to have very little finite-size
effects for the system sizes (N ¼ 10; . . . ; 18) and time
scales (tJ 	 20) studied [20]. Figure 2(c) is a central result
of this Letter. It unveils the emergence of a new collective
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FIG. 2 (color online). Frequency and time dependence of the
autocorrelation Cx for Bz=J ¼ 2 and (a), (b)  ¼ 0, (c), (d)
J ¼ 2 (ED). The Drude weight in (a), (c) is visible exactly at
the Larmor frequency !L ¼ Bz (vertical dashed-dotted lines). In
(b),(d) the envelopes of fits [as defined in Eq. (3)] to data for
N ¼ 18 are shown (dashed-dotted curves).
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frequency scale, namely, at !L þ !, in the transverse
transport process besides the Larmor frequency. Moreover,
for ! 1 this process would be coherent.
In Fig. 3 we summarize our findings for  and ! over
a range of temperatures and fields of 0 	 J 	 3 and
1 	 Bz=J 	 3. Figure 3(a) shows that  increases roughly
linearly with , with an increasing slope as Bz increases.
While finite system studies will not clarify if this result
implies true coherence for a particular range of Bz as
T ! 0, Fig. 3(a) is at least strongly indicative of a large
 in that limit. Regarding !, Fig. 3(b) clearly signals
a saturation roughly at J  Bz=J with the value at satu-
ration increasing with Bz. We emphasize that !  0
directly implies that the transverse current cannot be de-
scribed in terms of transitions between the zero- and one-
magnon sector. The dominant spectral weight of such
one-magnon excitations at q ¼ 0 is exactly at !L [25],
leading to ! ¼ 0.
To gain insight into the origin of !  0 we present an
AAA for Bz > Bzc and low T. Here, the contribution of
different M sectors to Cx can be dissected asymptotically
and, after an extensive analysis [20], we arrive at a simple
picture: the transverse current is carried dominantly by
transitions from the one-magnon sector around q 
into antibound states of the two-magnon continuum at the
same q. The related frequencies !L þ J and also the
asymptotic form of CxðtÞ can be obtained analytically:
CxAAAðtÞ 
ffiffiffiffiffi
J3

s
eðBz2JÞRe

e{ð!LþJÞtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ {tp

: (4)
This is consistent with Fig. 3(b), which also suggests that
!! J as Bz increases and ! 1. The thermal activa-
tion in Eq. (4) stems from the one-magnon energy at
q ¼ . The damping results from summing over all tran-
sitions in the vicinity of q ¼  and its power-law behavior,
i.e. t1=2, for t! 1 clearly shows that the single-scale
exponential used for RðtÞ in Eq. (3) is an approximation for
not too low temperatures T only. Nevertheless, for a com-
parison with Fig. 3(a), we extract a ‘‘decay time’’ from the
envelope of Eq. (4), i.e. jCxasyðtÞ=Cxasyð0Þj 	 1=e for t  ,
leading to  ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e4  1
p
 15. As shown in Fig. 3(a)
(straight line), our ED data for Bz=J ¼ 3 are consistent
with the asymptotic line; e.g., the slope d=d is already
close to 15 at J  2.
Now we turn to the real-time evolution of the spin-
current derived from a Krylov-space based tDMRG ap-
proach [23]. This allows us to study larger systems than
with ED, however, at zero temperature and only below the
saturation field. The latter follows since there are no
current-carrying states for Bz > Bzc at T ¼ 0. Moreover,
since ED and AAA already suggest that ! 1 as T ! 0,
limitations in the accessible simulation times confine the
tDMRG to an analysis of !. To induce a current we add
a perturbation H1 ¼
P
rB
x
rS
x
r to Eq. (1) with B
x
r ¼
Bx cosð2kr=NÞ. First, the ground state of H þH1 is
evaluated using DMRG, then the system is left to evolve
under H alone.
Typical transverse magnetization profiles hSxri at t ¼ 0
are shown in Fig. 4(a) for ðBz; BxÞ=J ¼ ð1:5; 1Þ and for
small values of k. hSxri follows Bxr qualitatively, with addi-
tional 2kF-oscillations from the underlying Luttinger liq-
uid. We perform the time evolution using m ¼ 200 states
for the ground-state calculation, a time step of tJ ¼ 0:25,
and a fixed discarded weight [20,23]. Although H1 breaks
Uð1Þ symmetry, we can still obtain reliable results for
L 	 64 lattice sites. To analyze currents free of spatial
oscillations we coarse-grain the data by averaging over
suitable parts of the chain. Figure 4(b) shows an example
of the time evolution of the current hjxN=2ðtÞi, averaged over
the left half of the chain, at ðBz; BxÞ=J ¼ ð1:5; 1Þ for
k ¼ 0:5. For the times reached in the simulation
(tJ  80), no relaxation can be observed. This is consistent
0 1 2 3
βJ
0
0.5
1
δω
/J
Bz=J
Bz=2J
Bz=3J
0 1 2
βJ
0
5
10
15
τJ
Bz/J=1
Bz/J=2
Bz/J=3
AAA
(a) (b)
FIG. 3 (color online). (a) Decay time  and (b) frequency shift
! w.r.t.  for different Bz. Data are extracted from the
autocorrelation CxðtÞ, using ED for N ¼ 18 (symbols). Solid
lines represent the low-temperature asymptote above the critical
field, dashed curves are guides to the eye.
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FIG. 4 (color online). Simulation of the transverse spin-current
dynamics using tDMRG: (a) Initial magnetization profiles hSxri at
t ¼ 0 for different k; (b) Coherent oscillation of the spatially
averaged current hjxN=2ðtÞi for k ¼ 0:5 and Bz=J ¼ 1:5; (c),
(d) Discrete Fourier transform for (b) and for Bz=J ¼ 0:75.
Besides the dominant peak at the Larmor frequency !L ¼ Bz,
there is another significant peak at a higher frequency !L þ !.
For more details, see Ref. [20].
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with the expectation for T ¼ 0 drawn from ED and AAA.
In view of the substantial number of periods covered in
Fig. 4(b) we have chosen to directly study the discrete
Fourier transform of the real-time data in order to
obtain the dominant frequencies. This is shown in
Figs. 4(c) and 4(d) for hjxN=2ðtÞi at ðBz; BxÞ=J ¼ ð1:5; 1Þ
and ðBz; BxÞ=J ¼ ð0:75; 1Þ at k ¼ 0:5. These two figures
clearly evidence the main result from tDMRG, namely,
that, fully consistent with the findings from ED and AAA,
there are two characteristic frequencies in the current
dynamics, namely !L and !L þ !. In contrast to the
linear-response regime, the analysis of the relaxation sce-
nario finds the contribution at !L to be the larger one. This
is not surprising since two different scenarios are
compared, characterized by similar yet different correla-
tion functions. We have checked that the results of
Figs. 4(b)–4(d) are insensitive (i) to the details of the
coarse-graining, (ii) to varying k within the small k regime,
and (iii) to the strength of Bx, at least up to Bx=J ¼ 1, as
used here [20]. The latter implies a minor role of nonline-
arity (nonequilibrium).
Finally, in Fig. 5 we compare ! from ED with tDMRG
for 0:5 	 Bz=J 	 2. The agreement is remarkably good,
not only in view of the different scenarios. For intermediate
fields (Bz=J ¼ 0:5, 0.75, 1) the frequency shifts match
each other almost exactly, while we attribute the slight
deviation of ED from tDMRG at larger fields to finite
temperature effects, where convergence to the T ¼ 0 val-
ues has not been reached yet [see Bz=J ¼ 3 in Fig. 3(b)].
For Bz=J < 0:5, the accessible time scales prevent a reli-
able determination of ! in our approaches.
In summary, we studied the transverse spin-current dy-
namics in the spin-1=2 Heisenberg chain. As a main result,
besides a coherent oscillation at the Larmor frequency, we
provided evidence for a second nontrivial collective oscil-
lation at higher frequencies, emerging at low temperatures
as a genuine many-magnon effect and turning coherent as
the temperature is lowered.
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